Nonlinear effects responsible for elongation of the plasma wave period are numerically studied with the emphasis on two-dimensionality of the wave. The limitation on the wakefield amplitude imposed by detuning of the wave and the driver is found.
A similar question arose in the context of plasma beatwave acceleration (PBWA) [10] . In PBWA, the plasma wave is produced by the beating of two laser beams whose frequencies differ by approximately the plasma frequency ω p = 4πn 0 e 2 /m, where n 0 is the plasma density, e is the elementary charge, and m is the electron mass. The wave growth saturates because of a nonlinear shift in the plasma wave frequency [11] [12] [13] . We show that the limitation observed in PWFA is qualitatively the same, but quantitatively is different for several reasons.
This study was motivated by the observation that the wakefield growth in simulations of self-modulating proton beams saturates at about 40% of the wavebreaking field E 0 = mcω p /e, where c is the speed of light. Substantial variations of beam parameters do not result in corresponding increase of the peak field. To illustrate this statement, we show in Fig. 1 the wakefield excited by various self-modulating beams in the plasma. As a measure of the wakefield amplitude, we take the maximum value Φ max (z) of the wakefield potential Φ(z, t) on the beam axis:
where E z is the on-axis electric field. It is more convenient to characterize the wakefield by the potential rather then by the electric field itself since the latter has a singular character for strongly nonlinear waves, and the observed envelope of E z is noisy [ Fig. 2(a) ] and depends on the resolution of simulation codes and on the plasma temperature [14] . Simulations are made with the axisymmetric kinetic version of the quasi-static code LCODE [14, 15] The curve '1' in Fig. 1 corresponds to the baseline variant of AWAKE experiment at CERN [16, 17] . The main parameters of the proton beam are: energy 400 GeV, radius σ z = 0.2 mm, length σ z = 12 cm, peak density n bm = 4 × 10 12 cm −3 = 0.0057 n 0 , normalized emittance 3.6 mm mrad. The plasma density is n 0 = 7 × 10 14 cm −3 , so that c/ω p = σ r . The beam is half-cut at the midplane for seeding the instability.
The curve '2' is plotted for the opposite charge beam (antiprotons) with the same parameters. Usually, negatively charged drivers excite the wave more efficiently [18, 19] . This asymmetry, indeed, shows up at the stage of field decay, but not at the field maximum. The case '3' differs from the baseline case '1' by 10 times smaller beam emittance. A low emittance has a favorable effect on the wakefield in general, but not at the field maximum. Curve '4' corresponds to the longitudinally compressed beam with 4 times higher peak density. However, the maximum field is almost the same. To make curve '5', we compressed the baseline beam 4 times longitudinally and 4 times radially (by keeping the same emittance and population) and increased the plasma density 16 times (to keep σ r = c/ω p ). The resulting dimensionless wakefield is just 25% higher. The temporal growth of the wakefield for the baseline variant at the cross-section of the strongest modulation (at z = 2 × 10 4 c/ω p = 4 m) is shown in Fig. 2 (a). There is almost linear growth of the wakefield followed by fast drop. However, the reason for this field behavior is obscured by a complicated beam shape at the stage of developed self-modulation. To see the effect clearer, we simulate the field excitation by the train of rigid equidistant short bunched of the same radius and peak density:
where τ 0 = 2πω
p . The electric field and the field envelope for this test case are shown in Fig. 2(b) . The behavior is qualitatively the same, but now the cause for the saturation is clearly seen in Fig. 2(c,d) . The field stops growing when the wave shifts forward in time with respect to the drive bunches, so that the bunches mostly fall into the decelerating field. The key effect responsible for the field saturation is thus elongation of the wakefield period.
For the two-dimensional (axisymmetric) plasma wave excited by charged particle bunches, the wakefield period depends not only on the wave amplitude, but also on the spacial structure of the wave which, in turn, depends on the driver shape. Moreover, the wave is not strictly periodical, and the wavelength changes as the distance from the driver increases. Unlike the one-dimensional plasma wave, there is no universal relationship between the maximum electric field and the wave period. To view the phenomenon broadly, we have simulated waves excited by various drivers (Table I) . We have measured either the period of a selected wave oscillation for drivers of certain shape and variable charge [ Fig. 3(a,b) ], or periods of successive oscillations continuously driven by an infinite bunch train [ Fig. 3(c)] .
The results are shown in Fig. 4 . For all cases the wave period increases with the wakefield amplitude. The rea- son for that is the wave nonlinearity that mainly comes from relativistic corrections to the law of electron motion. The wider the driver, the stronger the wavelength dependence on the wakefield amplitude. In the limit of very wide beams (curve '1'), the result of one-dimensional analytical theory [20] is reproduced (line 'A'):
For narrow beams (cases '6' and '7') , the fields in the shown range are produced by very dense bunches and correspond to strongly nonlinear waves; the dependence τ (E m ) for these beams is not smooth and therefore is shown by dots in Fig. 4(b) . Curves '3', '4', and '5' in Fig. 4(a) are for drivers of the same radius and show that the wave period does depend on the wave excitation method. There are two other factors apart from the wave nonlinearity that have the effect on the wave period: the current compensation and the wave drive. The particle beam generates the plasma current opposite to the average current of the beam. The motion of plasma electrons associated with this current produces the Doppler shift of the plasma frequency which is independent on the wave amplitude. This effect is seen as shifted periods for the cases '8' and '9' at small wave amplitudes [ Fig. 4(c) ]. For positively charged drivers, plasma electrons move forward, and the period is shorter; for negatively charged driver, the period is longer. If the beam is not too narrow (σ r c/ω p ), then the shift of the period is roughly the ratio of the length-average beam density to the plasma density; otherwise the beam density must be also averaged transversely over the area of the radius c/ω p . We emphasize that that effect of the plasma current is small only for the chosen small density of the drive beam and can dominate for denser bunches [18] .
The wave drive can change the distance between the field zeros, if the contributions of further bunches are phase shifted with respect to the already existing wave. As we see from Fig. 3(c) or from the elementary theory of harmonic oscillators, this is not the case until the phase shift appears due to other effects. Consequently, the wave drive can only modify the law of variation of the wave period, but cannot produce the period change by itself. Difference of curves '8' and '9' from '4' and '5' in Fig. 4(b) shows the quantitative effect of the wave drive.
As we see from the simulations, the dependence of the wakefield period on the amplitude of the two-dimensional plasma wave can be approximated by a parabola with the coefficient α depending on driver width and shape:
For waves of the width c/ω p , we have α ≈ 0.1 (line 'B'). We can estimate the maximum amplitude of the wave on the basis of the empirical formula (3). Denote ∆E the field increment due to one bunch. Then N coherent bunches produce the field E z = N ∆E. The wave nonlinearity results in elongation of the wave period by
The wave drive also makes a contribution to the wave period, which depends on the accumulated delay T of the wave. A small increment ∆Ee iωpt to the complex field E z e iωp(t−T ) results in the small increment of the wave phase
which means shortening of the wave period by ω −1 p δϕ. The law of delay accumulation is thus
or, in the limit of large N ,
The solution to this equation is
With no account of the wave drive, there would be the factor '3' in the denominator of (8) instead of '4'. In other words, the wavelength elongation for the driven wave is 25% shorter that that for the free wave. Simulations confirm this observation as long as the wave is weakly nonlinear: lines '8' and '9' in Fig. 4(b) follows the parabola 'C' with α ≈ 0.075. The wakefield stops growing if
where the factor β depends on the wave shape. For the one-dimensional wave with no transverse structure, zero average deceleration of the bunches corresponds to β ≈ 1/4. For essentially two-dimensional waves, β ∼ 1/2 [ Fig. 2(d) ], since the bunches also interact with off-axis regions where the period mismatch is smaller. The cubic dependence T (N ) is a fast growing function in a sense the transition between the cases T ≪ τ 0 and T ∼ τ 0 occurs quickly. Consequently, the field growth is linear [ Fig. 2(b) ] and formulae (3)- (8) are valid up to the very instant of field saturation.
Equating expressions (8) and (9) 
Note the weak dependence (power 1/3) of these expressions on empirical parameters α and β and on the contribution of a single bunch ∆E.
For parameters of the test case (α = 0.1, β = 0.5, ∆E = 0.003 E 0 ) the estimated maximum field E max ≈ 0.4 E 0 is quite close to simulations [ Fig. 2(b) ]. For the longitudinally compressed AWAKE-like beams (lines '4' and '5' in Fig. 1 ), no field increase 4 1/3 times is observed since the number of bunches is less than required by (10) .
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